Abstract. The paper studies an approximate multiresolution analysis for spaces generated by smooth functions which provide high order cubature formulas for integral operators of mathematical physics. Since these functions satisfy re nement equations with any prescribed accuracy methods of the wavelet theory can be applied. We obtain a decomposition of the nest scale space into almost orthogonal wavelet spaces. For one example we study some properties of the analytic prewavelets, describe the projection operators onto the wavelet spaces and consider some applications to the cubature of integral operators.
Introduction
In this paper we introduce the so called approximate wavelet decompositions of spaces of approximating functions which appeared to be very useful for constructing high order semi{analytic cubature formulas for important classes of pseudodi erential and other integral operators of mathematical physics. The application of wavelet based methods to the representation of integral and di erential operators is one of the actual research topics in the numerical analysis of solution methods for the corresponding operator equations. Let us describe a usual setting. Starting from a nite sequence of nested closed subspaces V 0 V 1 : : : V n L 2 (R d ) (1.1) the space of approximating functions V n , corresponding to the nest grid, is decomposed into the orthogonal sum V n = V 0 n?1 M j=0 W j ; (1.2) where the wavelet space W j is the orthogonal complement W j = V j+1 V j . The chain (1.1) is called a multiresolution analysis of V n if the spaces V j have the properties Similar to other transform methods elements of V n and operators are now expanded into the new basis and the computations take place in this system of coordinates, where one hopes to achieve that the computation is faster than in the original system. Additionally, some features of wavelets, as the localization in both space and frequency domains and vanishing moment properties lead to a number of new and interesting properties of wavelet based numerical methods. The multiresolution structure of the wavelet expansion leads to an e ective organisation of transformations. expansion Furthermore, the vanishing moments of wavelets imply that within a prescribed accuracy pseudodi erential operators admit sparse matrix representations, which allows to design fast numerical algorithms for these operators. There exists a series of papers on the application of wavelet methods to the computation of integral operators and the solution of integral equations, where di erent types of scaling functions and wavelets are used (see 1 with some small relative error of the form " = (4+ ) d n e ?3 2 D=4 , << 1. Here the wavelet spaces W j are almost orthogonal such that the approximate decomposition (1.14) of V n can be performed using the orthogonal projections P 0 onto V 0 and Q j onto W j .
The univariate wavelet construction and some properties of the prewavelet are discussed in section 4. The univariate wavelet spaces W j are spanned by rapidly decaying analytic prewavelets, plotted in g. 1, which belong to V j+1 and are orthogonal to all elements of V j . Since the values of many integral operators applied to the wavelets can be given analytically one can use approximants from e V n to derive the cubature of these operators. Here one assumes that the transformation to the basis in e V n leads to some data compression, at least for su ciently smooth integrands u. Additionally, the power moments of the prewavelets are very small and can be controlled by the parameter D. This implies a fast decay of the integrals K if the kernel k(x; y) satis es j@ y k(x; y)j c jx ? yj ?( +j j) for some > 0 :
The e ect of the nearly vanishing moments can be seen by the example of the Hilbert transform In section 5 we consider multivariate approximate wavelets and the multiresolution structure of the spaces spanned by the Gaussian radial function. We construct a wavelet basis with the property that important pseudodi erential operators admit semi{analytic representations. Further we give explicit formulas for the orthogonal projection P 0 onto V 0 and almost orthogonal projections e Q j onto decomposition (1.14), W j , which are proved in the nal section 6, such that for any ' n 2 V n the estimate ' n ? P 0 ' n ?
holds with some constant not depending on ' n and D. ) e (x=h) ; (2.3) showing that if D is suitable chosen then u h is for relative large h a very precise approximant to analytic functions u of rst order of growth. In that case u has a compactly supported Fourier transform and we obtain an equivalent formula for the coe cients 
Now it is easy to see that the function of y 2 R d
hence the sum for ' j 2 W j . Thus the situation is very similar to the case when exact re nement equations are valid, which was mentioned in the introduction. Let us x some integer n > 0, which determines the grid for the approximating functions.
In the following we show that any element of V n can be represented within some prescribed tolerance as an element of the multiresolution structure Proof. Use the telescopic series ' n = P n ' n = Lemma 4.1. Besides the fast decay of D we are interested in the moments of the prewavelet. Since this function is orthogonal to the integer shifts of the Gaussian D Now we are in the position to discuss the approximate wavelet decomposition of V n in the multivariate case. First we introduce an L 2 {stable basis in the wavelet space W 0 .
Consider the function which can be expressed also by the error function of complex arguments. Now we consider the problem to nd the approximate wavelet decomposition of a given element belonging to V n and to prove estimate (1.16). Following Theorem 3.1 one has to determine the orthogonal projections onto V 0 and W j .
Since D (x) = Q D (x j ) the orthogonal projections P 0 onto V 0 can be given as the tensor product P 0 = R 0 R 0 (5.3) of the univariate L 2 {projections R 0 onto V 0 . This mapping is described in the following lemma, which will be proved in the nal section. Furthermore, since 0 < < e ?4 2 D=3 (see (6.4)) we may set in (6.7) and (6.8) the small number = 0 and obtain together with (6.6) formula (5.9) of Lemma 5.2. In doing so
we make an error for the Fourier coe cients, which is less than e ? 2 D ja k j. In view of the rapid decay of the wavelet the estimate (5.10) follows immediately, which completes the proof of Lemma 5.2.
